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Free Vibration Analysis of Rotating Blades with Uniform Tapers

Gang Wang* and Norman M. Wereley"
University of Maryland, College Park, Maryland 20742

A spectral finite element method (SFEM) is proposed to develop a low-degree-of-freedom model for dynamic
analysis of rotating tapered beams. The method exploits semi-analytical progressive wave solutions of the governing
partial differential equations. Only one single spectral finite element is needed to obtain any modal frequency or
mode shape, which is as accurate or better than other approaches reported in the literature for straight or uniformly
tapered beams. The minimum number of such spectral finite elements corresponds to the number of substructures,
that is, beam sections with different uniform tapers, in a rotating beam to capture the complete system dynamic
characteristics. The element assembly procedure is accomplished in the same fashion as the conventional finite
element approach. Results are for a number of examples such as a straight beam and beams with uniform taper
or compound tapers. Overall, for a rotating blade system, our SFEM provides highly accurate predictions for
any modal frequency using a single element or very few elements corresponding to the number of uniform taper

changes in the blade system.

Nomenclature
EI(x) = beam bending flexural stiffness
El, = reference beam bending flexural stiffness
L = beam length
M(x) = beam bending moment
m(x) = beam mass per unit length
mo = reference beam mass per unit length
R = offset length between beam and rotating hub
T (x) = beam axial force due to centrifugal stiffening
V(x) = beam shear force
W(x) = beam bending mode shape function
w(x,t) = beam transverse displacement
o = beam mass per unit length constant
Bi = beam bending flexural stiffness constant, i =1, 4
n = nondimensional axial force
7 = nondimensional natural frequency
Q = beam rotation speed
w = excitation frequency

Introduction

HE determination of modal frequencies and mode shape func-

tions of rotating structural elements, such as helicopter blades,
airplane propellers, windmill rotors, and other turbomachinery
blades, is very important. There are many discussions available in
the literature.'~'> Leissa,! in his review paper, limited his scope
to the studies of vibration of rotating blades. For a relatively long
blade, the simplest representation of dynamic response is the Euler—
Bernoulli beam model. A helicopter blade can undergo torsional
motion, out-of-plane bending vibration (flapping), and in-plane vi-
bration (lead-lag). In this study, we assume that there is no coupling
among these motions, so that the transverse bending vibration can
be studied independently. However, the blades do not need to have
uniform cross-sectional area. We allow taper changes in a blade,
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and both mass and flexural stiffness distributions along a blade are
represented as polynomial functions, which is typical in engineering
applications.

Because of the centrifugal stiffening effect, the analysis of free
vibration of rotating beams becomes a challenge. We can apply the
classical Galerkin and assumed Ritz methods to the transverse vibra-
tion of rotating beams with tapers (see Ref. 16). However, we must
choose the admissible (trial) functions that satisfy at least geometry
boundary conditions in the Ritz method, or both geometry and nat-
ural boundary conditions in the Galerkin method. For different con-
figurations of rotating beam systems, different admissible functions
must be chosen, which is not convenient. Also, we must include
many admissible functions to obtain sufficiently accurate modal
frequency predictions for a rotating tapered beam, especially for
higher modes, which leads to a large size eigenvalue problem. Con-
ventional finite element methods (CFEM) can be easily modified to
meet the changing of boundary conditions. Hodges and Rutkowski?
developed a Ritz-displacement finite element model with variable
order to analyze rotating uniform and tapered beams, where the
shape functions were assumed to be Legendre polynomial functions.
Also, they reviewed previous efforts to calculate the natural fre-
quencies of rotating beams. Some typical approaches used to solve
natural frequencies of rotating beams were discussed, including the
Southwell principle (see Ref. 3), the integrating matrix method,*
the Rayleigh-Ritz method (see Ref. 5), the perturbation method,5’
and the Galerkin finite element (see Ref. 8). Other finite element-
based approaches were given by Murty and Murthy,’ Dzygadlo and
Sobieraj,'” Putter and Manor,'' Hoa,'?> Hodges,'® Khulief," and
Udupa and Varadan.'> Those finite element models can be extended
to tapered beam cases. Because the modal frequency predictions in
these finite element models converge as the number of elements in-
creases, we must include many elements in the finite element model
to achieve accuracy of natural frequency predictions even for lower
modes, which leads to a large size eigenvalue problem. To apply
the resulting large-degree-of-freedom finite element method (FEM)
model in a dynamic simulation (forced or transient), or to embed
such a model in a real-time model-based control problem, can be im-
practical. As a result, the model order must be reduced via static or
dynamic condensation procedures to a practical number of degrees
of freedom, which is constrained by simulation time, or the control
interval in a digital control system. Therefore, we need an approach
that has a substantially reduced order of degrees of freedom com-
pared to CFEM but maintains high accuracy of mode frequency,
mode shape, and force response predictions for rotating beams.

Spectral FEM (also called dynamic stiffness method) is a candi-
date to provide such high accuracy using fewer number of elements.
Doyle'” developed the spectral finite element models for the problem
of longitudinal vibration of rods and transverse bending vibration
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of nonrotating uniform Euler-Bernoulli beams. Leung'® also dis-
cussed the dynamics stiffness method in the structural dynamic anal-
yses. Because the spectral FEM or dynamic stiffness method was
developed in the frequency domain, the natural frequencies were
determined by solving transcendental equations instead of eigen-
value problems as in the conventional finite element model. The
corresponding mode shapes were then determined at each natural
frequency. In the spectral finite element model, the shape functions
were duplicated from exact wave propagation solutions from the
governing equation. Therefore, one single element can capture any
modal frequency and mode shape. For the structural force or tran-
sient response calculations, a fast Fourier transform (FFT)/inverse
FFT transformation technique must be used between the time do-
main and the frequency domain. We have successfully applied the
spectral finite element methodology to the analysis of sandwich
beams with viscoelastic damping materials.'® A substantially re-
duced number of elements, compared to CFEM, were needed to
achieve comparable or better accuracy of natural frequency and re-
sponse predictions for sandwich beams. Also, because the mode
shape functions were given in a semi-analytical form based on the
progressive wave solution from the governing equation, the mode
shape results can be documented for future similar applications.
Basically, we can establish a mode shape database for tapered ro-
tating beams instead of recalculating the mode shape functions in
the future.

To develop a spectral finite element model for tapered rotating
beams, we must obtain the analytical structure of the solutions first.
Because of the tapers and centrifugal stiffening effects, it is dif-
ficult to solve the problem analytically. However, for uniform or
simple tapered rotating beams, we still can obtain semi-analytical
solutions. Usually, the power series or Frobenius method (extended
power series) method can be used to solve the ordinary differen-
tial equations with nonconstant coefficients (see Refs. 20 and 21).
Giurgiutiu and Stafford?? solved the vibration of uniform rotating
beam using power series approach. Wright et al.?* applied the Frobe-
nius method and solved the natural frequencies for both uniform and
tapered rotating beams with cantilever or hinged boundary condi-
tions, in which the tapered beam has linear variations of mass and
flexural stiffness along beam span. The natural frequency results
of uniform beams were compared to those obtained by Hodges
and Rutkowski,? where a variable-order Ritz displacement FEM
was used. Harris?* presented an analytical test case for rotor flap-
ping bending responses, in which power series solution was used
to define the deflection and the corresponding forcing function was
solved backward to satisfy the fourth-order flapping governing equa-
tions. Recently, Naguleswaran® also studied the lateral vibration
of a centrifugally tensioned uniform Euler—Bernoulli beam using
the Frobenius method. Naguleswaran provided many frequency re-
sults for uniform rotating beams with different boundary conditions
and investigated the effect of offset between beam and rotating hub.
Banerjee?® proposed a dynamic stiffness method based on the Frobe-
nius solutions of a uniform rotating beam. The dynamic stiffness
method was applied to uniform and tapered rotating beams. For a
uniform rotating beam, one single element was needed to capture the
whole dynamic characteristics of bending vibration. A tapered beam
was approximated by 20-50 uniform beam elements, where the re-
sults of natural frequency yielded comparable accuracy as those
obtained by Hodges and Rutkowski? and Wright et al.”* Huang and
Liu?’ proposed a dynamic stiffness method for a rotating beam of
nonuniform cross section. The cross-sectional area was assumed
to have a general polynomial form and power series were used to
obtain exact solution of the governing equations. The research fo-
cused on how to calculate time response. The mass and stiffness
matrices were reconstructed using the dynamic stiffness matrix in
the frequency domain. They did not exploit the modal frequency
and modal shape calculations for the rotating beams, which is very
important for rotor dynamic analysis.

In this paper, we will extend the spectral FEM to analyze bend-
ing vibrations of a type of tapered beam under rotation. We assume
that mass variation along the beam span is linear and stiffness dis-
tribution is a polynomial function with up to fourth order. Those

assumptions are valid for most practical helicopter blades.?® Based
on the Frobenius method (extended power series method), we de-
velop semi-analytical solutions for tapered beams under rotation.
Then we apply spectral finite element techniques to solve for the
unknown wave coefficients using nodal degrees of freedom. This
leads to a standard matrix representation of dynamic characteristics
for a rotating tapered beam element. The natural frequencies can
be determined using boundary conditions in the free vibration case.
Cantilever or hinged boundary conditions were considered in this
paper to represent boundary conditions for hingeless or articulated
rotor blades. Examples investigated both by Hodges and Rutkowski’
and Wright et al.?* are used to validate our natural frequency pre-
dictions based on our tapered spectral finite element model. Also
our predictions of natural frequency of tapered beams are compared
to the results by Banerjee,?® where the dynamic stiffness matrix
method was used to analyze a tapered rotating beam based on the
uniform spectral finite element. Both uniform and tapered beams
were investigated at different rotating speeds and with either can-
tilevered or hinged boundary conditions. The results are as good or
better than those reported in the cited studies, but in our model only
one single spectral finite element was used. Mode shape functions
were calculated as well. A helicopter blade with compound taper
was also used to validate our spectral finite element model, which
was studied by Hodges.!* There were two taper changes in the blade
system. Therefore, only two spectral finite elements are needed to
calculate the modal frequency results, where there were five ele-
ments needed to achieve convergent modal frequency prediction for
the fourth mode in Hodges’s analysis. Basically a rotating blade
system, our spectral FEM provides highly accurate predictions for
any modal frequency using a single element or very few elements
corresponding to the number of uniform taper changes in the blade
system. Also we obtain exact rotating mode shape functions, which
can be used in future similar studies. In the following sections, we
will present the details of our spectral finite element model for ta-
pered blades under rotation.

Governing Equation of Rotating Beams

As shown in Fig. 1, a tapered beam element under rotation was
presented. We now state the governing equations for beam out-
of-plane bending vibration. As discussed by Wright et al.>* and
Banerjee,” the governing equation of free vibration for a rotating
Euler-Bernoulli beam is

| Iy N PP DR Y
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Governing equation (1) is expressed in terms of transverse displace-
ment w(x, t). T (x) is the axial force due to the centrifugal stiffening:

L
T(x)= / [m(x)Q*(R + x)]dx + F 2)

Equation (2) is given by Hodges and Rutkowski.? F is an axial force
applied at the end of beam element, as shown in Fig. 1. We assumed
that variation of mass along beam length L was defined as

m(x) =mo[l +a(x/L)] 3
é:] Z,w
> Q
—— LR
R E_X
|
L

Fig. 1 Out-of-plane bending vibration of a tapered beam under
rotation.
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where my is the mass per unit length at x =0 (reference mass), «
is a taper parameter, and « 7 —1, which results in singularity when
x = L. Flexural stiffness variation along length of beam element
was

EI(x)=EL[1+B1(x/L) + (x> /L) +B5(x* /L) +Ba(x* /LY ]
)

where E [, is the flexural stiffness at x =0. Here §;,i =1, 4, are
taper parameters for stiffness distribution. These parameters can be
determined by « for beams with a rectangular cross-sectional area
and thickness varying along the beam length. However, as with the
example studied by Wright et al.,?’ the taper parameters for mass and
flexural stiffness were not necessarily related. They are independent
variables. However, these parameters cannot result in a singularity
for flexural stiffness when x = L.

Substituting Eq. (3) into Eq. (2), we can integrate to find the axial
force within a rotating beam element:

T(x) = imoQ*(L* + 2RL — 2Rx — x?)

+ imoQ*(a/L)(2L? + 3RL? —2Rx* — 2x*) + F 3)
The bending moment in the beam element is defined as
9w
M(x)=EI(x)7— (6)
dx?
and shear force is given by
oM ow
V) =—-———+TKx)— @)
ax ax
When T'(x) =0, Eq. (7) yields the same shear force expression as a

classical nonrotating Euler—Bernoulli beam.

Spectral Finite Element Model

The governing equation of free vibration of a rotating tapered
beam was presented in Eq. (1) The next step is to determine the
solution via wave propagation method. Therefore, we assume that
transverse displacement w(x, ¢) under harmonic excitation is

wix, t) = W(x)el (8)
where w is the excitation angular frequency. Substituting Eq. (8) into
the governing Equation (1), yields the ordinary differential equation

a'w - _d a¢w & a>w
EI(x)— +2—[EI — [EI(x)]—
W) P2 BT 5 + 75 lETM)] 7=

W dT dw
T — — —— _m®W =0 9
) a2 de ax ? ©)
To present Eq. (9) in a nondimensional form, we define
X - W d 1 d
X =— . W = —_—, _——=——
L L dx LdX

The governing equation can be expressed in nondimensional form
as

d&w

(1+B1X + B X* + B X° + BuX*) X

307

d
+2(B1 4+ 28X + 355X + 4B X7)

2w
dx2

+ (2B, + 683X + 128,X7)

- {Az[l(l +2R —2RX — X%
2

1 _ _ 2w
—a(3R —3RX*>+2-2X%? —
+6ot( + ):| +77} e

b _ o dW
—X [R+X+o¢(RX+X)]a

-1 +aX)W=0 (10)
where
P 57 2 mOQZL“’ y = FL27 2o mow?L*
L El, El, El,

The nondimensional axial force T (X), bending moment M (X), and
shear force V (X) are defined as

. ToL* L1 o R
T(X)=—— =2°| 51 +2R —2RX = X?)
0

1 _ _
+ ga(3R —3RX +2— zx3)] +7

- M(x)L 2w

MX)=—p == (14 BX 4 AoX? + B3 X7 + fuX')
2 3%

700 = YO8 (14 piX + X+ X+ XY S

El, dxs3

ew - dw
- 28X + 3B X2 + 4B X3) — + T(X)— 11
(Br+26:X +36:X° +46.X°) > + T(XO (D)

Equation (10) is a linear ordinary differential equation (ODE) with
variable coefficients. This type of ODE can be solved using power
series or Frobenius methods as discussed in Refs. 20 and 21. We
adopted the Frobenius method and assume that the displacement
function W (X) is

o0

W(X) = Zanx“f (12)

0

where a, is the coefficient of the nth polynomial function and ¢ can
be determined later using an indicial equation. The derivatives of
function W (X) are given by

o0

dw

A, Z(” +c)a,LX"+"7l
dx =
de - n+c—2
—dXZ = Z(n +c)(n+c—1a,X
n=0
EwW & .
o= Z(n +o)n+c—1)n+c—2a,X" T3
n=0
d4W = n+c—4
X7 = Z(n—l—c)(n—i—c— D(n+c—2)n+c—3)a,X"*

n=0
13)

Substituting Egs. (12) and (13) into Eq. (10), we first obtain the
following indicial equation®:

cc=D(c—2)(c—=3)=0 (14)

Therefore, we have four roots for ¢, which are ¢; =0, 1,2, 3,
i=1,4. Based on these four roots, four linear independent so-
lution functions for displacement W are obtained, as shown in
Eq. (12). For each root of ¢, the coefficients of a,(c) can be de-
termined using recurrence relationship by collecting same-order
polynomial functions when substituting Eqs. (12) and (13) into
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the governing equation (10). The results for the coefficients of
a,(c) are

ap(c) =1
_ Bile=D
a(c) = 4(0_'_1) ap(c)
_ Bic R+ R+a((R+1)]+n
ax(c) = —C+2a1(6)+ ©T 2T D ao(c)
1
—%ao(c)
_ Bilet+D __Palet+ D
az(c) = “er3 ax(c) 7(6_'_3)(04_2)&1(0)
2L+ R 141
[2+ +0‘(2 +3)]+na1(c)
(c+3)(c+2)
Bs(c+ D(c — e+ A*Re
- ap(c)

(c+3)(c+2)(c+1)
Balc +2)(c+ 1)

_ Bilc+2)

as(c) = —TG,%(C) - maz@)

W[+ R+a(fR+1)] +n
(c+4)(c+3)

ax(c)

_ Bl +2)(c+ De+ AR+ 1)
(c+d(c+3)(c+2)

ai(c)

)»2[% + (a/Z)R](c—f— De —p?
Cc+Hc+de+2+1D) -

_ PBale =D
(c+d(c+3)

ao(c) — o(c)
_Biln+c+3)

ntcts @

an+5(c) =

_Blnt+c+Dnt+c+4)+2]
m+c+5n+c+4)

an+3(c)

P+ Rra(iis Y]+
m+c+5n+c+4)

61,,+3(C)

B+ c+ Din+c)(n+c+5)+6]
n+c+5n+c+4m+c+3)

an+2(c)

B MRn+c+2)
m+c+5m+c+4dH(n+c+2)

a, +2(C)

_ Basn+c+n+c)(n+c—1)n+c+6)+12]

m+c+S5n+c+dHm+c+3) n+1(0)
N[5+ @/DR](n+c+ D(n+c) — p?
B T [ R R s v S
A(/an +c)n+c+2) — pla
a,(c)

(Mt c+5n+c+dHn+c+3)n+c+2)
n=0,1,...,00 (15)

Then we can construct our solution for the displacement function
w:

W(X) = A Fi(X) + Ay B> (X) + AsF3(X) + AgFa (X)) (16)

where the unknown wave amplitudes A;,i =1, 2, 3, 4, can be de-
termined from boundary conditions. The four linearly independent

polynomial functions F;(X), i =1, 2, 3, 4, are defined by

o0

F(X) =) ayc)X" " (17)

n=0

where the coefficients a,(c;) were determined using Eq. (15) for
corresponding roots of c.

Now we have obtained an exact solution as shown in Eq. (16).
The natural frequencies and mode shapes can be determined by ap-
plying the boundary conditions and solving a transcendental equa-
tion to obtain a nontrivial solution for the four wave amplitudes
Ay, Ay, As, and A4. This process has been applied to bending vi-
bration of nonrotating uniform Euler—Bernoulli beam (see Ref. 29).
However, to present a standard matrix representation and capture
the dynamic characteristics for a rotating beam element, we intro-
duce the spectral finite element method,!”-!® where we borrow the
concept of nodal degrees of freedom from the conventional finite
element model. First, these nodal degrees of freedom are used to
solve unknown wave amplitudes A;, i = 1, 4. Second, we calculate
the corresponding nodal forces and introduce the stiffness matrix,
which is the relationship between the nodal forces and nodal degrees
of freedom. Because the interpolation functions in the spectral finite
element were duplicated from the exact wave propagation solution
instead of using polynomial functions as in the conventional finite
element model, one single element can be used to compute any
modal frequency and corresponding mode shape. For the bending
vibration of a nonrotating uniform Euler—Bernoulli beam, Doyle'®
has presented the details. We have applied the same methodology
to the sandwich beam analysis.!® Banerjee?® also applied it to bend-
ing vibration of uniform rotating beams and developed the dynamic
stiffness matrix. For a tapered beam, Banerjee discretized it using
many uniform elements to achieve acceptable accuracy for the natu-
ral frequency calculations. Therefore, we extend the spectral FEM to
tapered rotating beams. Using our method, a single tapered spectral
finite element can be used to analyze either uniform or nonuniform
(tapered) beams under rotation. Because we have obtained exact
solutions of the tapered rotating beam, the remaining derivation is
straightforward. Figure 2 shows the taper spectral finite element for
a rotating beam. Similar to the classical beam bending finite ele-
ment, the degrees of freedom are the displacements and slopes at
each beam end. The corresponding nodal forces are transverse shear
force and bending moment. The nodal degrees of freedom can be
expressed by wave amplitudes:

qg=[P]A (18

where ¢ is nodal degrees of freedom vector, A contains four wave
amplitudes, and P isa4 x 4 matrix defining the relationship between
these two vectors. They are

g=[W W w, wy
A=[A; A Ay A"

1 0 0 0

F/(0) 1 0 0
P= (19)
Fi(1) Fx(1) F(1)  Fy(1)

F{() F)(1) Fy1) F;(1)

VoW, v, W,
_C_vl‘ : 71‘72 V[_/2
Ml Wl

Fig. 2 Spectral finite element of a tapered beam under rotation.
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When Eq. (11) is recalled, the bending moment and shear force can
be determined by unknown wave amplitudes:

VX) = —(1+ B X+ BX* + X + BiX*)
x (A F|" + A F)' + AsF)" + A4F)")
— (B1 + 28X + 38 X7 + 4B, X°)
X (AL F] + A F) + AsF) + AgF))
+T(X)(AF| + A F} + AsFj + A4 F))
MX) = (14X +AX* + X + puX?)

X (A1F] + AyF) + AsFy + A4F)) (20)

Now the nodal forces, as shown in Fig. 2, can be determined. When
X =0,

V(0) = -V, M) = —M,

When X =1,
V() =W, M) =M,

Note that change in sign of nodal forces at each node, which is very
important to obtain the correct stiffness matrix. Finally, the nodal
force vectors Q, which contain Vi, My, V,, and M,, are expressed
by unknown wave amplitude vector A:

0 =[Blsx4A 2n
where B matrix is a 4 x 4 matrix and each row is defined as
0=y My V» M)

By = F/"(0) + B F/(0) = T(O)F]
By = —F/(0)
By =—(1+ B+ B+ B+ B)F/"(1)
—(B1+ 282+ 3B + 4B F/ () + T (D F/ (1)

By =041+ B+ B+ BHF'(1)

Now the nodal force vector Q can be expressed by the vector of
nodal degrees of freedom ¢, which yields the spectral finite element
stiffness matrix k, which is a 4 x 4 symmetric matrix,

k=BP"! (22)

Because the dynamic stiffness matrix k was derived and presented
in a nondimensional form, we must present a dimensional form to
assemble elements if there is more than one element used in the
spectral finite element model. This process is straightforward and
was also discussed by Banerjee.? Finally, our dynamic stiffness
matrix is given by

Vl kl 1 k] 2 k|3 k14 Wl
M k k k k w’
v _ | ke ko ks ke 4 23)
\Z kiz kaz k3 ks | | Wa
M, kis koy ks kys W

where the nodal force vector and nodal degrees of freedom vector
are in dimensional form, the resulting stiffness matrix k can be de-
termined by nondimensional stiffness matrix k, as shown in Eq. (22)
The elements in the stiffness matrix k are

ki = (EIO/L3)]€117 ki, = (EIO/LZ)IEIZ

ki3 = (EIO/LS)IEIB, kis = (EIO/LZ)IEM

ky = (Ely/ L)k, ky = (EIO/LZ)IEB

kas = (EIo/L)kas, ks = (Elo /L’ )k

ks = (Elo/L?)ks, kis = (Elo/L)ku  (24)
For free vibration analysis of rotating tapered beams, we must ap-
ply the boundary conditions to determine the natural frequencies and
mode shapes. In the spectral finite element model, we will solve a
transcendental equation instead of eigenvalue problem in the con-
ventional finite element. Because only hingeless or articulated rotor
blades were considered in this study, the corresponding boundary
condition are cantilevered or hinged, respectively. For a hingeless
rotor blade, the boundary conditions are
W, =0,

x=0, W, =0

x=1L, V, =0, M, =0 (25)
For example, there is only one element in the spectral finite ele-
ment model. Substituting the preceding boundary conditions into

the stiffness matrix, we obtain

kys ks | [ Wa
=0 26
o)) o

For an articulated rotor blade, the boundary conditions are

x=0, W1=0, M1=0

x=1L, V, =0, M, =0 (27)
Similarly, substituting these boundary conditions into the stiffness

matrix, we obtain the characteristic equation for a hinged beam,

ky  ky ko Wi
kys ks ks W, | =0 (28)
koa  kzs  kug Wy

If we need more than one element to model the beam system, we
first need to assemble the elements to obtain a total stiffness matrix.
Then applying the boundary conditions, we should obtain similar
forms as shown in Eqgs. (26) and (28). However, it will not be same
size as shown in Eqgs. (26) and (28). The nontrivial solutions of
Eq. (26) or (28) will yield the beam natural frequency, and the mode
shape function can be calculated based on the corresponding natu-
ral frequency. Therefore, the determinant of the matrix as shown in
Eq. (26) or (28) must be equal to zero. Because these matrices were
developed in the frequency domain and are functions of unknown
natural frequency w, then the values of w that cause the determinant
to vanish yield the natural frequencies of the rotating beam. There-
fore, we need to solve a transcendental equation in the spectral finite
element model. In our calculations, we first give an initial guess of
the modal frequency of interest. Figure 3 shows the determinant
as a function of unknown frequency w, for a cantilevered uniform
beam with rotation speed A = 1. Because there are infinite solutions
to vanish the determinant, we can calculate any natural frequency
and mode shape as we wish. Then an iteration scheme is used to
vanish the determinant of the characteristic equation in the spectral
finite element model. The computation time for each iteration is
fairly negligible, which is less than 1 s using MATLAB® subrou-
tines. This procedure is different from the eigenvalue problem in
the finite element model for the modal frequency predictions. For
any known natural frequency, the corresponding mode shape func-
tion can be easily determined. These modal frequency and mode
shape function are exact solutions of the governing equations. For
the force responses, we only need to replace the right-hand terms
in Egs. (26) and (28) by applied external forces. Because the solu-
tions for the Frobenius series have infinite terms, we must truncate
the series for numerical simulations. However, the number of terms
used was chosen for convergent F;(X), yielding similar frequency
predictions compared to other results. Banerjee?® suggested that 80
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Determinant: Log
R (%)) (o2}

w

N

\one possible initial guess

0 50 100 150 200 250
Non-dimensional Unknown Frequency:

Fig. 3 Determinant of characteristic equation as a function of un-
known frequency.

terms in the power series yields six digit accuracy and 120 terms can
increase accuracy up to nine digits for uniform rotating beam natural
frequency predictions. The number of terms included in the power
series in this study was determined by achieving at least the same
accuracy for natural frequency predictions based on the results from
the literature. For the uniform beam, we included 50 terms in the
Frobenius functions and 80 terms and 350 terms for uniform taper
beams 1 and 2, respectively. For a helicopter blade with compound
taper, we included 200 terms in the Frobenious series.

Uniform Beam Analysis

In this section, we validate our spectral finite element model using
free vibration results of rotating beams. Uniform beams were consid-
ered. Cantilevered and hinged boundary conditions were assumed
because those boundary conditions corresponding to hingeless and
articulated rotor blades. Our analyses were analytically validated
using the results in the literature. Wright et al.>* developed the exact
solutions for tapered beams using the Frobenius method, in which
both flexural stiffness E£7(x) and mass unit length m(x) varied lin-
early along the beam length. Hodges and Rutkowski’ developed a
variable-order Ritz displacement CFEM, in which the displacement
shape functions were assumed by shift Legendre polynomial func-
tions with order from 3 to 15. This variable-order FEM was devel-
oped to achieve desirable accuracy of the frequency predictions for
rotating beams by either varying the order of interpolation functions
or including more elements but with reduced order of polynomial
functions used in the shape functions of finite element model. The
results of using 1 element with 15-order polynomial shape functions
were assumed to be the exact solution in their analyses.

Tables 1 and 2 show the natural frequency results for uniform
rotating beams under cantilevered and hinged boundary conditions,
respectively. The hub off set length R was assumed zero in both
cases. In Table 1, the first five natural frequencies of a uniform ro-
tating beam under cantilevred boundary conditions are presented,
in which we considered two rotating speeds, A =0 and 12. Only
one single spectral finite element was used to obtain these natural
frequencies. Fifty terms (n =50) were included in the Frobenius
functions to match the accuracy of six digits of the solutions by
Wright et al.> and Hodges and Rutkowski.> However, Hodges and
Rutkowski® only presented the first three natural frequencies. All
three analyses were matched well for the natural frequency predic-
tion for the uniform cantilevered beam under rotation.

In Table 2, we present the natural frequency results for a uniform
beam with hinged boundary conditions. Again, one single spectral
finite element was used in our analysis and the first 50 terms were
included in the Frobenius functions. The final results were validated
against Wright et al.?3 results. We achieved six digits of accuracy in
the natural frequency predictions.

Table 1 Prediction of nondimensional natural
frequencies of cantilevered uniform beam

Hodges and
SFEM Wright et al.?3 Rutkowski?
Mode exact exact CFEM
A=0
1 3.5160 3.5160 3.5160
2 22.0345 22.0345 22.0345
3 61.6972 61.6972 61.6972
4 120.902 120.902 N/A
5 199.860 199.860 N/A
A=12
1 13.1702 13.1702 13.1702
2 37.6031 37.6031 37.6031
3 79.6145 79.6145 79.6145
4 140.534 140.534 N/A
5 220.536 220.536 N/A

Table 2 Predictions of nondimensional
natural frequencies of hinged uniform beam

SFEM Ref. 23
Mode exact exact
A=0
1 0.0 0.0
2 15.4182 15.4182
3 49.9649 49.9649
4 104.248 104.248
5 178.270 178.270
r=12
1 12.0000 12.0000
2 33.7603 33.7603
3 70.8373 70.8373
4 126.431 126.431
5 201.122 201.122

Tapered Beam Analysis

In this section, we consider a tapered rotating beam with can-
tilevered boundary conditions. The same examples were studied
by Wright et al.>® and Hodges and Rutkowski.> Banerjee?® also
used them to validated his dynamic stiffness matrix method. For
the tapered beams, Banerjee discretized the taper beam using many
uniform elements, which results in a stepped beam with piecewise
uniform mass and flexural stiffness distribution. Then by assem-
bling these elements, the natural frequencies of a tapered beam can
be determined. We included these results to validate our tapered
spectral finite element model. In the following two examples, we
only use one single spectral finite element to calculate the natural
frequencies.

Tapered Beam 1
The mass distribution was assumed to be linear:

m(x) = mo[l —0.5(x/L)] (29)
The flexural stiffness E1(x) was
EI(x) = EIL[1 —0.5(x/L)] (30)
Taper parameters were

a = —0.5, Br=3a=-15

B, = 30> =0.75, B3 = o® = —0.125, B:i=0
As shown in Table 3, we calculated the first three modal frequen-
cies, and the rotating speeds varied from 0 to 12. A single spectral
finite element was used in our analysis, and we included first 80
terms in the Frobenius power series. Hodges and Rutkowski’ used
one finite element with 15-order polynomial functions as the inter-

polation functions. For the three modal frequencies, our predictions
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Table 3 Predictions of nondimensional natural frequencies of tapered cantilevered beam? under different rotation speeds

First mode Second mode Third mode
Rotating Present Ref. 26 Ref. 2 Present Ref. 26 Ref. 2 Present Ref. 26 Ref. 2
speed SFEM, SFEM, CFEM, SFEM, SFEM, CFEM, SFEM, SFEM, CFEM,
A NE=1 NE =20 NE=1 NE=1 NE =20 NE=1 NE=1 NE =20 NE=1
0 3.8238 3.8198 3.8238 18.3173 18.295 18.3173 47.2648 47.203 47.2648
1 3.9866 3.9827 3.9866 18.4740 18.451 18.4740 47.4173 47.356 47.4173
2 4.4368 4.4331 4.4368 18.9366 18.914 18.9366 47.8716 47.810 47.8716
3 5.0927 5.0892 5.0927 19.6839 19.662 19.6839 48.6190 48.558 48.6190
4 5.8788 5.8755 5.8788 20.6852 20.664 20.6852 49.6456 49.586 49.6456
5 6.7434 N/A 6.7345 21.9053 N/A 21.9053 50.9338 N/A 50.9338
6 7.6551 N/A 7.6551 23.3093 N/A 23.3093 52.4633 N/A 52.4633
7 8.5956 N/A 8.5956 24.8647 N/A 24.8647 54.2124 N/A 54.2124
8 9.5540 N/A 9.5540 26.5437 N/A 26.5437 56.1595 N/A 56.1595
9 10.5239 N/A 10.5239 28.3227 N/A 28.3227 58.2833 N/A 58.2833
10 11.5015 N/A 11.5015 30.1827 N/A 30.1827 60.5639 N/A 60.5639
11 12.4845 N/A 12.4845 32.1085 N/A 32.1085 62.9829 N/A 62.9829
12 13.4711 N/A 13.4711 34.0877 N/A 34.0877 65.5237 N/A 65.5237
aparameters: m(X) =mo(1 —0.5X) and EI(X) = Elo(1 —0.5X)3.
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Fig. 4 First three mode shapes of a cantilevered tapered beam:
m(X)=my(1—0.5X) and EI(X) = EIy(1—0.5X)3.

exactly match with the results of Hodges and Rutkowski,? where
the rotation speed A varied from O to 12. For the lower modes,
the CFEM and spectral FEM SFEM yield similar accuracy for the
frequency predictions. Banerjee?® also studied the same example us-
ing uniform rotating dynamic stiffness method, where 20 elements
were included, and the results were calculated only when A <4. The
natural frequency predictions degrade compared to our results and
those in Ref. 2. From an engineering point of view, the results were
sufficient. However, it suggested that, for a tapered beam, the ex-
act displacement solutions were very critical to obtain an accurate
dynamic stiffness matrix. Figure 4 shows the first mode shapes for
this tapered beam. We plotted both rotating and nonrotating modes.
We found that, by increasing the modal number, the discrepancies
between the rotating and nonrotating mode shapes become much
smaller; however, the natural frequencies were quite different, as
shown in Table 3.

Tapered Beam 2

To validate our spectral finite element model further, we con-
sidered another tapered beam, which was used by Wright et al.?
The tapered beam has a linear variation in both mass and flexural
stiffness:

m(x) =my[1 —0.8(x/L)], El(x) = EL[1 —0.95(x/L)]

As mentioned by Wright et al.,”3 this beam design was used in
windmill turbine blades. As shown in the preceding equation, when

Fig. 5 First five mode shapes of a cantilevered tapered beam: m(X) =
my(1—0.8X) and EI(X) =EIy(1—0.95X).

x =L, the flexural stiffness drops to 5% of initial value of El,.
The singularity is very closed to x = L, which results in the slower
convergence of power series. To remedy this problem, Wright et al.?}
expanded the Frobenius functions at x = 1/0.95. This implied that
we must include more terms in the calculation of Frobenius function
without shifting the expansion points in the Frobenius function. We
included first 350 terms in the Frobenius functions. However, we
still need only one spectral finite element. The taper parameters are
defined as
o = —0.8, }31 = —0.95, ﬂz = ,3'5 = ﬂ4 =0

We validated our natural frequency results for first five modes using
the exact solutions by Wright et al.,?? as shown in Tables 4 and 5, in
which the boundary conditions are cantilevered and hinged, respec-
tively. We achieve almost the same accuracy in all natural frequency
calculations in both cases with the rotating speed varying from 0 to
12. However, for the fifth mode, our predictions were slightly higher
than those by Wright et al.> We could improve our frequency predic-
tion by including more terms in the Frobenius functions. However,
our spectral finite element model and that of Wright et al. were both
based on the exact solutions. Therefore, the differences arises from
numerical errors. Again, these two analyses provides equivalently
accurate results from an engineering perspective. Figure 5 and 6
show the first five mode shapes for cantilevered and hinged beams,
respectively. Both rotating, 2 = 12, and nonrotating mode shapes are
shown. The effect of rotation on the rotating beam mode shape was
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Table 4 Predictions of nondimensional natural frequencies of tapered cantilevered beam? under different rotation speeds

Rotating First mode Second mode Third mode Fourth mode Fifth mode

speed A Present Ref. 23 Present Ref. 23 Present Ref. 23 Present Ref. 23 Present Ref. 23
0 5.2738 5.2738 24.0041 24.0041 59.9708 59.9708 112.892 112.909 183.473 183.024
1 5.3903 5.3903 24.1069 24.1069 60.0703 60.0696 112.992 113.009 183.576 183.124
2 5.7249 5.7249 24.4129 24.4130 60.3676 60.3669 113.290 113.307 183.887 183.424
3 6.2402 6.2402 249148 249149 60.8598 60.8590 113.784 113.803 184.404 183.923
4 6.8928 6.8928 25.6013 25.6013 61.5420 61.5412 114.472 114.492 185.127 184.619
5 7.6443 7.6443 26.4580 26.4581 62.4078 62.4069 115.351 115.372 186.055 185.509
6 8.4653 8.4653 27.4692 27.4693 63.4494 63.4483 116.414 116.439 187.186 186.591
7 9.3347 9.3347 28.6184 28.8894 64.6579 64.6566 117.658 117.685 188.520 187.862
8 10.2379 10.2379 29.8893 29.8894 66.0238 66.0222 119.075 119.107 190.055 189.316
9 11.1651 11.1650 31.2667 31.2669 67.5370 67.5351 120.659 120.696 191.793 190.950
10 12.1092 12.0192 32.7367 32.7369 69.1875 69.1851 122.403 122.446 193.734 192.759
11 13.0657 13.0657 34.2868 34.2871 70.9653 70.9622 124.298 124.350 195.882 194.737
12 14.0313 14.0313 35.9060 35.9064 72.8604 72.8565 126.336 126.401 198.243 196.880

4Parameters: m(X) =m(1 —0.8X) and EI(X) = EIy(1 —0.95X).

Table 5 Predictions of nondimensional natural frequencies of tapered hinged beam® under different rotation speeds

Rotating First mode Second mode Third mode Fourth mode Fifth mode

speed A Present Ref. 23 Present Ref. 23 Present Ref. 23 Present Ref. 23 Present Ref. 23
0 0.0000 0.0000 16.7328 16.7328 48.4696 48.4691 97.1599 97.1704 163.277 163.002
1 1.0000 1.0000 16.8711 16.8711 48.5876 48.5872 97.2717 97.2823 163.388 163.111
2 2.0000 2.0000 17.2793 17.2794 48.9399 49.9395 97.6062 97.6172 163.723 163.438
3 3.0000 3.0000 17.9389 17.9388 49.5214 49.5210 98.1611 98.1727 164.281 163.983
4 4.0000 4.0000 18.8233 18.8233 50.3239 50.3234 98.9324 98.9450 165.059 164.741
5 5.0000 5.0000 19.9022 19.9022 51.3366 51.3360 99.9147 99.9287 166.055 165.771
6 6.0000 6.0000 21.1456 21.1456 52.5471 52.5463 101.102 101.117 167.268 166.889
7 7.0000 7.0000 22.5259 22.5260 53.9415 54.9405 102.485 102.504 168.695 168.269
8 8.0000 8.0000 24.0194 24.0195 55.5054 55.5042 104.058 104.079 170.333 169.847
9 9.0000 9.0000 25.6059 25.6060 57.2245 57.2230 105.809 105.835 172.180 171.618
10 10.0000 10.0000 27.2690 27.2692 59.0847 59.0828 107.730 107.762 174.236 173.573
11 11.0000 11.0000 28.9953 28.9956 61.0727 61.0700 109.810 109.850 176.500 175.708
12 12.0000 12.0000 30.7741 30.7745 63.1758 63.1722 112.040 112.090 178.978 178.105

4Parameters m(X) =m(1 —0.8X) and EI(X) = Ej(1 —0.95X).
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Fig. 6 First five mode shapes of a hinged tapered beam: m(X)=
my(1—0.8X) and EI(X) =EIly(1—0.95X).

substantially diminished for mode number greater than 3, so that the
rotating and nonrotating mode shapes became similar. However, the
natural frequency results were significantly different in both cases.

Tapered SFEM vs Uniform SFEM

Bannerjee?® also validated his results using the preceding exam-
ple, in which cantilevered boundary conditions were assumed. He
approximated the linearly tapered beam using many uniform beam

elements. His uniform spectral finite element model can then be
applied to solve the tapered beam case. Because we developed a
tapered spectral finite element model for rotating beams directly,
we need one single element in our analysis. There is no need to
approximate a tapered beam using uniform elements. As discussed
by Banerjee,”® the effects of hub offset length R on the natural
frequency predictions were studied. Table 6 compares our tapered
spectral finite element results to Banerjee’s predictions, in which the
hub offset length R varied from 1 to 5 and rotating speed is either
1 or 5. There are a total of four possible combinations, as shown in
Table 6. Banerjee? used 20 and 50 elements in his calculations. We
found that the natural frequency predictions based on 50 elements
were superior and correlated with our results, in which only one
tapered spectral finite element was used.

Nonuniform Beam Analysis

Hodges'? developed a direct Ritz method for nonuniform rotat-
ing beams with discontinuities in bending stiffness and mass distri-
bution. The nondimensional mass and stiffness distributions were
x=0.05<x/L<0.2, m(x)/my=1, and EIl(x)/EIl,=0.00146
and x=0.2<x/L <1, m(x)/mo=5[1—-0.5(x/L)], and EI(x)/
Ely=0.0146[1 — (3/2)(x/L) + (3/4)(x*/L*)].

The hub offset length was R = 0.05, and nondimensional rotating
speed is A = 1. It was a hingeless rotor, and cantilevered boundary
conditions were assumed. Hodges'? used a total of five elements to
obtain a convergent natural frequency calculation up to the fourth
bending vibration mode, in which polynomial admissible functions
with order to 10 were assumed in each element. In our spectral
finite element model, because there are two taper changes in the rotor
system, we only need to include two tapered elements to account for
the discontinuities of mass and stiffness distribution. We included
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Table 6 Predictions of nondimensional natural
frequencies of tapered cantilevered beam?

Present, Banerjee%'b
Mode NE=1 NE =50 NE =20
rA=1, R=1
1 5.5506 5.5493 5.5427
2 24.250 24.241 24.195
3 60.214 60.186 60.043
A=35, R=1
1 10.083 10.082 10.076
2 29.534 29.525 29.484
3 65.765 65.737 65.599
r=1 R=5
1 6.1494 6.1482 6.1418
2 24.813 24.804 24.759
3 60.786 60.758 60.615
A=5R=5
1 16.512 16.51 16.504
2 39.411 39.404 39.362
3 77.610 77.575 77.439

Variations of rotation speeds, hub offset length R #0,
m(X)=mo(1 —0.8X),and EI(X)=Ely(1 —0.95X).
®Uniform beam SFEM used.

Table 7 Nondimensional natural frequencies
of cantilevered nonuniform beam with
discontinuities in mass and stiffness distribution®

Present SFEM, Hodges'? CFEM,
Mode N=2 N=5
1 1.0660075 1.0660084
2 2.5906956 2.5906956
3 47187589 47187589
4 7.6691747 7.6691747

Rotation speed A = 1, and hub offset R =0.05.

200 terms in the Frobenius series. Table 7 shows the first four natural
frequency results. The analyses agree with each other. However, only
two elements are required in our spectral finite element analysis to
achieve comparable accuracy compared to Hodges’s results using
five elements.

Conclusions

We have validated our spectral finite element results for uniform
beams and beams with single taper or compound taper under mul-
tiple rotating speeds. Both cantilevered and hinged boundary con-
ditions were considered. It has been shown that our spectral finite
element model can provide comparable or better accuracy for the
natural frequency predictions. The natural frequency predictions
can achieve up to six digit accuracy compared to those results in
the literature. Because our spectral finite element model was based
on the exact wave propagation solutions, only a single element is
sufficient to capture the complete dynamic characteristics of a ro-
tating beam, as long as the beam impedance does not change. The
minimum number of such spectral finite element coincides with the
number of substructures in a blade system.

When the spectral finite element model is used, the calculation of
natural frequency in the beam free vibration is executed by solving
a transcendental equation. The process is straightforward and can
be easily realized by many optimization software codes, such as
MATLAB software.

Therefore, our spectral finite element model can be used in the
dynamic analysis of rotating uniform or tapered beams with sub-
stantially reduced degrees of freedom having higher accuracy. The
same methodologies of SFEM can be extended to coupling motions
of rotating tapered blades, where flap, lag, and torsion motions were
fully coupled.
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